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Abstract 

It is shown that if a ring A is weakly normal in an overring B then so is A[[X]] (resp. A[X]) 
in B[[X]] (resp. B[X]). It is also shown that every higher derivation of a ring A extends to the 
weak normalisation of A in its total quotient ring. 

The aim of this note is to prove a result on the weak normalisation of A[[X]] (resp. 

A[X]) in B[[X]] (resp. B[X]) for the given extension A c B of rings, where X is an 

indeterminate (Theorem 6 and Corollary 8). 

Using this result we show that every higher derivation of a ring A extends to the 

weak normalisation of A in its total quotient ring (Theorem 10). 

1. Weak normalisation and the power series rings 

By a ring we mean a commutative ring with unity. 

For nonnegative integers n and i, let (T) d enote the binomial coefficient n!/(n - i)!i!. 

By convention (r) = 0 for II < i. 

We recall the following characterisation of the weak normalisation from [5]. 

Definition 1. Let A c B be an extension of rings. Then the weak normalisation ,‘A of 

A in B is the largest subring C of B containing A such that C is integral over A, the 
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induced map Spec(C) + Spec (A) is a bijection and for all q E Spec (C) the extension 

A,/pA, + C,/qC, is purely inseparable, where p = q n A. 

If ,*A = A, A is said to be weakly normal in B. 

Now we recall another definition. 

Definition 2 (cf. Reid et al. [3, 1.41). 

b E B is said to be quasisubintegral 

b” + (;)c,b”-’ + . . + (;)cpbn--P E A 

Remark 3. Let A c B be an extension 

if b is quasisubintegral over A. 

Definition 4. Let A be a ring and let 

Let A c B be an extension of rings. An element 

over A if there exist cl,. . . , cp E B such that 

for all y1 > 0. 

of rings. Then by [3, 6.101, b E ,*A if and only 

t be an indeterminate. In the ring A[[t]], let * 

denote the multiplication t” * tm = (“y) tnfm for all n, m > 0. Then (A[[t]], f, *) is a 

ring with 1 as unity. 

Lemma 5. Let A be a ring and let X be an indeterminate. Let b, c E A[[X]] and let 

bo be the constant term of b. Then for each r > 0 there exist do, dl,. . . , d, E A such 

that the coeficient ofX’ in cb” is dobi + (;)dlb:-’ + ... + (:)d,b;f-' for all n > 0. 

Proof. Let anr denote the coefficient of X’ of cb” for all r, n > 0. 

Let t be an indeterminate and let * denote the multiplication in A[[X]][[t]] as given 

in Definition 4. 

Write b = bo + Xb’. Then 

c c b”t” = c x(b,, + Xb’)“t” 

?I>0 Tl>O 

={ zb;1”)*{ ,,,.,.t”} 

={ ibY}*{ $ar(t)Xr}; 
_ _ 

where, for all Y > 0, a,.(t) E A[t] and is of degree less than or equal to Y. 

Comparing the coefficients of X’ in the above expression we get CnZO a,,$ = 

{Cn>o b”,t”} * a,(t). Let a,.(t) = ~~=, dit’, where di E A, i = 0, 1,. . . ,Y. Then an,. = 

dab{+ (;)d,b:-’ f.. . + (:)d,b;l-’ for all n > 0. 0 

Theorem 6. Let A c B be an extension of rings and let X be an indeterminate. Then 

(a) ~rJ4Wll) c GAN[Xll. 
(b) If ,*A is jinite over A then 8r,X;E(A[[X]]) = (,*A)[[X]]. In particular, if A is 

Noetherian and B is a jinite A-module then ~,,x;(A[[XlI) = GQ>[[Xll. 
Proof. First note that, by Remark 3, ,*A c Br,$(A[[X]]). Let b E ,,,$(A[[X]]). Write 

b = Ci>o biXi. By induction on r we show that b, E ,*A for all Y > 0. By Remark 3, _ 
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b is quasisubintegral over A[[X]]. Therefore, there exist cl,. , cp E B[[X]] such that 

for all n 2 0. Putting X = 0 we see that bo is quasisubintegral over A, i.e. bo E ,*A. 

Now assume r 2 1 and bi E ,*A for all i < r. Again by Remark 3, X’b’ is 

quasisubintegral over A[[X]] where b’ = br+b,+IX+. . . . Hence, there exist .fi, . , fy E 

B[[X]] such that 

4 

X”‘b”’ + 
c(> 

f fiX(nPi)rb’n--I E A[[X]] 
i=l 

for all n 2 0. Let D,, be the coefficient of X”’ m this expression and let D,, be the 

coefficient of X” in f!b’“, i = 1,. ,q. Then D, = b: + cr=, (r)Di+i,. Since D, E A, 

by Lemma 5 and the identity (r) (“li) = (‘7) (&), we see that b, is quasisubintegral 

over A. Therefore, by Remark 3, b, E ,*A. This proves (a). 

To prove (b), let bl,. . . , b, be the generators of ,*A as an A-module. Then (,*A)[[X]] = 

C.;T, A[[~llb; c 8,,,;(A[[X]]) and hence we have the equality. 0 

Remark 7. If A is Noetherian and B is a finite extension of A then Theorem 6(b) 

also follows from [2, Theorem (III. l)] as the extension A + A[[X]] has geometrically 

reduced fibres (i.e. for every p E Spec(A) and for every finite field extension K of 

k(p) = A,/pA, the ring K C?JA A[[X]] IS reduced). However, the condition that ,*A be 

finite over A is necessary for the equality to hold in Theorem 6 as can be seen from 

the following example. 

Example. Let k be a field of characteristic p > 0. Let Yr , Y,, Ys, . . . be indeterminates 

and let B = k[Yl, Y2, Yx,. . .] (resp. k(Yi, Yz, YJ,. .)) and A = k[Yf, Yf, Y3”, .] (resp. 

k(YF, Yf’, Y!‘, . .)) . Then by [3, 4.3 and 6. lo] ,*A = B. Let f = En>, Y,,X”. Then for 

every r > 0, ,fP’ @ A[[X]] and therefore again by [3, 4.3 and 6.101, Tf +! ,,,,,T(A[[X]]). 

However, the equality always holds for polynomial rings. 

Corollary 8. Let A, B and X be as in the Theorem 6. Then 8,,T(A[X]) = (,*A)[X]. 

Proof. It is clear that ,“A c ,,,,;(A[X]) and therefore (,*A)[X] c 8,,;(A[X]). To prove the 

other inclusion let b E Br,T(A[X]). Th en, by Remark 3, b is quasisubintegral over A[X] 

and therefore as an element of B[[X]], b is quasisubintegral over A[[X]]. Now by 

Remark 3 and Theorem 6, b E (,*A)[[X]] n B[X] = (:A)[X]. 0 

Theorem 9. Let A, B and X be as in Theorem 6. Then the @lowing are equivalent: 

(a) A is weakly normal in B. 

(b) A[[X]] is weakly normal in B[[X]]. 

(c) A[X] is weakly normal in B[X]. 
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Proof. (a)+ (b) follows from Theorem 6, (b)+ (c) and (c)+ (a) are straightforward. 
0 

2. Weak normalisation and the higher derivations 

Recall that a higher derivation D of a ring A is a sequence (Do,Dl, Dz,. . .) of 

additive endomorphisms D,,‘s of A such that DO is the identity of A and for all n 2 0 

and a, b E A, D,(ab) = Ci++Di(a)Dj(b). 

Theorem 10. Let A be a ring and let K be its total quotient ring. Let *A be the weak 

normalisation of A in K. Let D be a higher derivation of A. Then D extends to *A. 

Proof. Write D = (DO, D1, D2, . . . ) and let X be an indeterminate. Then E : A -+ A[[X]] 

defined by E(a) = Cn,O D,(ayr” is a ring homomorphism. Moreover, E extends to _ 
K -+ KMI. 

Let b E *A. Then, by Remark 3, b is quasisubintegral over A. Hence, E(b) E 

K[[X]] is quasisubintegral over A[[X]]. Therefore, by Remark 3 and Theorem 6, E(b) E 

*A[[X]], i.e. D,(b) E *A for all n > 0. Cl 

Remark 11. Compare Theorem 10 with [4] and [l, Theorem 4.11. 
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Note added in proof. After this article was accepted for publication it was brought to 

my notice by the editor that there is some overlap between the results of this article 

and the results of the article “Weak normalization of power series rings”, Canadian 

Mathematical Bulletin 38(4) 429-433 by D.E. Dobbs and M. Roitman. For example 

in that article, Theorem 6(a) and Corollary 8 have been proved for integral domains. 

However the results of the present article are more general and the methods are entirely 

different. 


