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Abstract

It is shown that if a ring 4 is weakly normal in an overring B then so is A[[X]] (resp. A[X])
in B[[X]] (resp. B[X]). It is also shown that every higher derivation of a ring 4 extends to the
weak normalisation of 4 in its total quotient ring.

The aim of this note is to prove a result on the weak normalisation of A[[X]] (resp.
A[X]) in B[[X]] (resp. B[X]) for the given extension 4 C B of rings, where X is an
indeterminate (Theorem 6 and Corollary 8).

Using this result we show that every higher derivation of a ring 4 extends to the
weak normalisation of 4 in its total quotient ring (Theorem 10).

1. Weak normalisation and the power series rings

By a ring we mean a commutative ring with unity.

For nonnegative integers » and i, let () denote the binomial coefficient n!/(n —i)!i!.
By convention (%) =0 for n < i.

We recall the following characterisation of the weak normalisation from [5].

Definition 1. Let A C B be an extension of rings. Then the weak normalisation ;4 of
A in B is the largest subring C of B containing 4 such that C is integral over 4, the
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induced map Spec (C) — Spec(4) is a bijection and for all ¢ € Spec (C) the extension
Ay/pA, — Cy/qCq is purely inseparable, where p = q N 4.
If ;4 = A, A is said to be weakly normal in B.

Now we recall another definition.

Definition 2 (cf. Reid et al. [3, 1.4]). Let 4 C B be an extension of rings. An element
b € B is said to be quasisubintegral over 4 if there exist c),...,c, € B such that
B+ (D" '+ + (:)cpb”_p €A for all n > 0.

Remark 3. Let 4 C B be an extension of rings. Then by [3, 6.10], b € ;4 if and only
if b is quasisubintegral over A.

Definition 4. Let 4 be a ring and let ¢ be an indeterminate. In the ring A[[#]], let *
denote the multiplication " x ¢™ = ("!™)"*™ for all n,m > 0. Then (4[[¢]],+,*) is a
ring with 1 as unity.

Lemma 5. Let A be a ring and let X be an indeterminate. Let b,c € A[[X]] and let
by be the constant term of b. Then for each r > 0 there exist dy,d,,...,d, € A such
that the coefficient of X" in cb" is dob} + (']')dlbg‘l +---+ (Nd, by for all n > 0.
Proof. Let a,, denote the coefficient of X" of ¢b” for all r,n > 0.

Let ¢ be an indeterminate and let * denote the multiplication in A[[X]][[¢]] as given

in Definition 4.
Write b = by + Xb'. Then

e bt =c (b + XD YL

n>0 n>0

= { > bgt”} * { > cb'"X”t"}

n>0 nz>0

= { gbgt"} * { Zar(t)X’},

>0

where, for all » > 0, a,(¢) € A[¢#] and is of degree less than or equal to r.

Comparing the coefficients of X" in the above expression we get > . ant" =
{350 0it"} x a,(t). Let a,(t) = Y_i_,dit', where d; € A,i = 0,1,...,r. Then a,, =
dobp + ()b + -+ (0)d, by forall n > 0. O

Theorem 6. Let A C B be an extension of rings and let X be an indeterminate. Then
(@) s (AIXT]) € GAIXT)
(b) If ;4 is finite over A then ,, (A[IX]]) = GA)IX]]. In particular, if A is
Noetherian and B is a finite A-module then . (A[[X]]) = GDIX]]

Proof. First note that, by Remark 3, "4 C 7 (4[[X]]). Let b € 7 (A[[X]]). Write
b= ZiZO b.X'. By induction on » we show that b, € ;4 for all » > 0. By Remark 3,
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b is quasisubintegral over A[[X]]. Therefore, there exist ci,...,c, € B{[X]] such that

b +Z ( )cb” L e Al[X]]

for all n > 0. Putting X = 0 we see that by is quasisubintegral over 4, i.e. by € 4.

Now assume » > 1 and b; € 4 for all i < r. Again by Remark 3, X"4 is
quasisubintegral over A[[X]] where ' = b,+b, | X +- - -. Hence, there exist f,..., f, €
B[[X]] such that

X +Z< )fX(n t)rb/n i EA[[X]]

for all # > 0. Let D, be the coefficient of X in this expression and let D;, be the
coefficient of X" in f;6", i =1,...,q. Then D, = b"+ 3 7 | (’;)Di("—i)' Since D, € A,
by Lemma 5 and the identity (7)("; N = (Hj‘j) (;+;)> we see that b, is quasisubintegral
over A. Therefore, by Remark 3, b, € ;4. This proves (a).

To prove (b), let by,..., b, be the generators of ;A4 as an A-module. Then (;4)[[X]] =

o ALX 116 C g (ALEX]]) and hence we have the equality. [

Remark 7. If 4 is Noetherian and B is a finite extension of 4 then Theorem 6(b)
also follows from [2, Theorem (III.1)] as the extension 4 — A[[X]] has geometrically
reduced fibres (i.e. for every p € Spec(4) and for every finite field extension K of
k(p) = Ap/pA, the ring K ®4 A[[X]] is reduced). However, the condition that ;4 be
finite over 4 is necessary for the equality to hold in Theorem 6 as can be seen from
the following example.

Example. Let £ be a ficld of characteristic p > 0. Let Y}, Y, Y3,... be indeterminates
and let B = k[Yl, Y2, V3,...] (resp. k(Y1,Y2, Vs,...)) and 4 = k[Y], YJ’ JY) L ] (resp.
k(Y2 Y YP ) Then by [3,43 and 6.10] /4 = B. Let f = ¥, Y,X". Then for
every r > 0, /7 ¢ A[[X]] and therefore again by [3, 4.3 and 6.10], f ¢ ey CALLX D).

However, the equality always holds for polynomial rings.
Corollary 8. Let A,B and X be as in the Theorem 6. Then , (A[X]) = (;4)[X].

Proof. It is clear that ;4 C ;,7(4[X]) and therefore (,"4)[X] C ,,7(4A[X]). To prove the
other inclusion let b € ;,}(4[X]). Then, by Remark 3, b is quasisubintegral over A[.X]
and therefore as an element of B[[X]], & is quasisubintegral over A[[X]]. Now by
Remark 3 and Theorem 6, b € (,;”4)[[X]]N B[X] = (,;4)[X] O

Theorem 9. Let A,B and X be as in Theorem 6. Then the following are equivalent:
(a) A4 is weakly normal in B.
(b) A[[X]] is weakly normal in B[[X]].
(¢) A[X] is weakly normal in B[X].



92 A.K. Maloo/Journal of Pure and Applied Algebra 114 (1996) 89-92

Proof. (a)= (b) follows from Theorem 6, (b)= (c) and (c)= (a) are straightforward.
O

2. Weak normalisation and the higher derivations

Recall that a higher derivation D of a ring 4 is a sequence (Dy,D;,D,...) of
additive endomorphisms D,’s of A4 such that Dy is the identity of 4 and for all n > 0
and a,b € 4, D,(ab) = Ei+j:"D,~(a)Dj(b).

Theorem 10. Let A be a ring and let K be its total quotient ring. Let *A be the weak
normalisation of A in K. Let D be a higher derivation of A. Then D extends to *A.

Proof. Write D = (Dy, Dy, D5,...) and let X be an indeterminate. Then E : 4 — A[[X]]
defined by E(a) = 3 ,-,Ds(a)X” is a ring homomorphism. Moreover, £ extends to
K — K[[X]). -

Let b € *4. Then, by Remark 3, b is quasisubintegral over 4. Hence, E(b) €
K{[X1]] is quasisubintegral over A[[X]]. Therefore, by Remark 3 and Theorem 6, E(b) €
*A[[X]], i.e. Dy(b) e 4 forall n > 0. U

Remark 11. Compare Theorem 10 with [4] and [1, Theorem 4.1].
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Note added in proof. After this article was accepted for publication it was brought to
my notice by the editor that there is some overlap between the results of this article
and the results of the article “Weak normalization of power series rings”, Canadian
Mathematical Bulletin 38(4) 429433 by D.E. Dobbs and M. Roitman. For example
in that article, Theorem 6(a) and Corollary 8 have been proved for integral domains.
However the results of the present article are more general and the methods are entirely
different.



